1. Let
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f(:z:):{ 2, for z € [—m,0); |

1, forz € (0,m).

and let f(x) be 2m-periodic. Find the Fourier series of f(z) and determine the sums to

which the series converges at x = 0,101, 88.17.

Solution:

ag = %/_:f(x)
o = 1 [ 1@

1 0 ™
dxz—(/ 2da:+/ 1dx>:3,
™ —T 0

1 0 s
cos(nz)dxr = (/ 2 cos(nx)dx + / 1 cos(nx)dx) =0,
0

™ -

1 (7 1/ [° "
b, = —/ f(z)sin(nz)dx = — (/ 2 sin(nz)dz +/ 1sin(nx)d:c>
T J_r ™ _— 0
2 0 1 1 —2 for odd n:
= ——cos Y — — cos b=—(—-14+(—1D") = nr 7
nm (nz)[=n nmw (nz)lg mr( (=1)") { 0, for even n.

Hence the Fourier series for f(z) is:

(@)

fa(0) = (2 +1)/2

o0

2 .
= ]_5 — nz:% m Sln(2n + ].)ZL’, \V/ZI? - (—ﬂ', 7T).

= 1.5, fa(101l7) = [0, (50(27) + 7) = fau(m) = (24 1)/2 = 1.5,

Fao(88.17) = fur (44(27) + 0.17) = f1u(0.17) = 1.

2. Let f(xz) =2z on [0, 2|.

(a) Find the Fourier series of f(z) and determine the values to which the series converges
at x = 47, 47.5, 49 and 50.



Solution: ~ We extend f(x) to be 2-periodic. L = 1. Discontinuous points are

0,£2,44, ...
1 /2
ag = —/ f(x)dx =
an = /f cos(nmz) :/ 2z cos(nmzx)dr = 0,
0
2 4
b, = /f sin(nmzx)d :/ 2z sin(nrz)dr = ——.
0 nmw
Thus
> 4
=2 — — i .
f(x) Z — sin(nmx)

n=1

At x = 47, the series converges to 2.
At x = 47.5, the series converges to 3.
At x = 49, the series converges to 2.

At x = 50, the series converges to 2.
(b) Find the Fourier cosine series of f(z) and determine the values to which the series
converges at x = 47, 47.5, 49 and 50.

Solution: We extend f(z) to be 4-periodic even function.

Fooen(2) f(z), 2 €(0,2); 2z,  x€(0,2);
even\T) = =

f(=z), xe€(=2,0). —2z, x € (-2,0).
Discontinuous points are 2, 6, +10, ....

9 2
ag = = [ flx)dx =4,

2 ),
2 2
ap = _/ f(l’) cos de = n2ﬂ_2[<_1)n - 1]7

b, = / flx Sin—dx—O

Thus

= 8 n nmwx
) :2+Zn27r2[(_1) — 1] cos ——.

At x = 47, the series converges to 2.

At x = 47.5, the series converges to 1.



At x = 49, the series converges to 2.

At x = 50, the series converges to 4.
(c) Find the Fourier sine series of f(z) and determine the values to which the series
converges at x = 47, 47.5, 49 and 50.

Solution: We extend f(z) to be 4-periodic odd function.

) f), re(0,2); | 2z, x€(0,2);
Jeven() = { { 2z, x € (—=2,0).

—f(—x), =€ (=2,0).
Discontinuous points are +2, +6, +10, ....

9 2 —1)n+1
b, = —/ f(z)sin BT e = 8(=1) :
2/, 2

nm

Thus

P S S

n=1

At x = 47, the series converges to -2.
At x = 47.5, the series converges to -1.
At x = 49, the series converges to 2.

At x = 50, the series converges to 0.

z, 0<z<1;
. Let f(z) =< even,
2 — periodic.

Find a 2-periodic solution of the equation
'+ 2y = f(x), —oo <z < o0.

Solution: Here L =1, A = 2. Since f is even, b, =0 for n > 1.

1
a0:2/ xzdx = 1.
0

1
2[(—=1)"—1
ay, = 2/ x cos(nmx)dr = w, n>1.
0 n2m
This implies that cg = ¢ = %, Cn = 55— = nfﬂi;i@i) for alln > 1 and

d, = 0.

Y= L + Z 2(=1)" — 1] cos(nmz).

— n?m2(2 — n?n?)




