
MATH3705 Tutorial 4

1. Let

f(x) =

{
2, for x ∈ [−π, 0);

1, for x ∈ (0, π).
,

and let f(x) be 2π-periodic. Find the Fourier series of f(x) and determine the sums to

which the series converges at x = 0, 101π, 88.1π.

Solution:

a0 =
1

π

∫ π

−π

f(x)dx =
1

π

(∫ 0

−π

2dx+

∫ π

0

1dx

)
= 3,

an =
1

π

∫ π

−π

f(x) cos(nx)dx =
1

π

(∫ 0

−π

2 cos(nx)dx+

∫ π

0

1 cos(nx)dx

)
= 0,

bn =
1

π

∫ π

−π

f(x) sin(nx)dx =
1

π

(∫ 0

−π

2 sin(nx)dx+

∫ π

0

1 sin(nx)dx

)
= − 2

nπ
cos(nx)|0−π −

1

nπ
cos(nx)|π0 =

1

nπ
(−1 + (−1)n) =

{
− 2

nπ
, for odd n;

0, for even n.

Hence the Fourier series for f(x) is:

f(x) ∼ 1.5−
∑
odd n

2

nπ
sin(nx) =

= 1.5−
∞∑
n=0

2

(2n+ 1)π
sin(2n+ 1)x, ∀x ∈ (−π, π).

fav(0) = (2 + 1)/2 = 1.5, fav(101π) = fav(50(2π) + π) = fav(π) = (2 + 1)/2 = 1.5,

fav(88.1π) = fav(44(2π) + 0.1π) = fav(0.1π) = 1.

2. Let f(x) = 2x on [0, 2].

(a) Find the Fourier series of f(x) and determine the values to which the series converges

at x = 47, 47.5, 49 and 50.
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Solution: We extend f(x) to be 2-periodic. L = 1. Discontinuous points are

0,±2,±4, ....

a0 =
1

1

∫ 2

0

f(x)dx = 4,

an =
1

1

∫ 2

0

f(x) cos(nπx)dx =

∫ 2

0

2x cos(nπx)dx = 0,

bn =
1

1

∫ 2

0

f(x) sin(nπx)dx =

∫ 2

0

2x sin(nπx)dx = − 4

nπ
.

Thus

f(x) = 2−
∞∑
n=1

4

nπ
sin(nπx).

At x = 47, the series converges to 2.

At x = 47.5, the series converges to 3.

At x = 49, the series converges to 2.

At x = 50, the series converges to 2.

(b) Find the Fourier cosine series of f(x) and determine the values to which the series

converges at x = 47, 47.5, 49 and 50.

Solution: We extend f(x) to be 4-periodic even function.

feven(x) =

{
f(x), x ∈ (0, 2);

f(−x), x ∈ (−2, 0).
=

{
2x, x ∈ (0, 2);

−2x, x ∈ (−2, 0).

Discontinuous points are ±2,±6,±10, ....

a0 =
2

2

∫ 2

0

f(x)dx = 4,

an =
2

2

∫ 2

0

f(x) cos
nπx

2
dx =

8

n2π2
[(−1)n − 1],

bn =
2

2

∫ 2

0

f(x) sin
nπx

2
dx = 0.

Thus

f(x) = 2 +
∞∑
n=1

8

n2π2
[(−1)n − 1] cos

nπx

2
.

At x = 47, the series converges to 2.

At x = 47.5, the series converges to 1.
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At x = 49, the series converges to 2.

At x = 50, the series converges to 4.

(c) Find the Fourier sine series of f(x) and determine the values to which the series

converges at x = 47, 47.5, 49 and 50.

Solution: We extend f(x) to be 4-periodic odd function.

feven(x) =

{
f(x), x ∈ (0, 2);

−f(−x), x ∈ (−2, 0).
=

{
2x, x ∈ (0, 2);

2x, x ∈ (−2, 0).

Discontinuous points are ±2,±6,±10, ....

bn =
2

2

∫ 2

0

f(x) sin
nπx

2
dx =

8(−1)n+1

nπ
,

Thus

f(x) =
∞∑
n=1

8(−1)n+1

nπ
sin

nπx

2
.

At x = 47, the series converges to -2.

At x = 47.5, the series converges to -1.

At x = 49, the series converges to 2.

At x = 50, the series converges to 0.

3. Let f(x) =


x, 0 ≤ x ≤ 1;

even,

2− periodic.

Find a 2-periodic solution of the equation

y′′ + 2y = f(x), −∞ < x < ∞.

Solution: Here L = 1, λ = 2. Since f is even, bn = 0 for n ≥ 1.

a0 = 2

∫ 1

0

xdx = 1.

an = 2

∫ 1

0

x cos(nπx)dx =
2[(−1)n − 1]

n2π2
, n ≥ 1.

This implies that c0 =
a0
λ
= 1

2
, cn = an

2−n2π2 = 2[(−1)n−1]
n2π2(2−n2π2)

for all n ≥ 1 and

dn = 0.

y =
1

4
+

∞∑
n=1

2[(−1)n − 1]

n2π2(2− n2π2)
cos(nπx).
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